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Abstract

We discuss an integro-differential model for the nonlinear dynamics of aeolian sand
ripples. The model is based on the classic approach of Anderson (1987) and includes
a correction to the reptation flux that depends on the local bed slope. Linear stability
analysis shows that a flat bed is unstable to perturbations in a narrow range of
wavenumbers. As the ripple amplitude grows, nonlinear effects become important,
ripples become asymmetric and their wavelength increases due to merging events.

1. Introduction

Aeolian ripples are commonly found in sand deserts, often atop dunes and on sandy
beaches. Ripple wavelengths range from a few centimeters to tens of meters, and
ripple amplitudes range from a few millimeters to a maximum of a few centimeters
(Sharp, 1963; Wilson, 1972). A classic reference to ripples and dunes is the book
“The Physics of Blown Sand and Desert Dunes’ by R.A. Bagnold (1941). A
theoretical model for the dynamics of aeolian ripples has been proposed by Anderson
(1987), and it is used here as a starting point for our own formulation. Recently, there
has been a resurgence of interest in developing mathematical models of the dynamics
of aeolian ripples, a fact that has led to a series of papers based on different types of
phenomenological and mathematical assumptions (Nishimori and Ouchi, 1993;
Werner and Gillespie, 1993; Hoyle and Woods, 1997; Terzidis et al., 1998; Prigozhin,
1999; Valance and Rioual, 1999; Cshadk et a, 2000; Makse, 2000; Balmforth et al.,
2001)

The physical mechanism responsible for the formation of sand ripplesis thought to be
the action of the wind on loose sand. When the wind strength is above some
threshold, grains are displaced by the direct action of the wind, and are lifted into the
air. Even for strong winds, however, sand grains are too heavy to stay suspended and
return to the ground. During their flight, the grains reach a velocity that is
approximately that of the wind, and upon their impact with the surface, they impart
their energy and momentum to the sand, and gject other grains. For sufficiently large
wind velacities, the bombardment by sand grains accelerated by the wind generates a
cascade process, and an entire population of saltating grains hopping on the sand
surface emerges. During strong winds, the layer of satating grains can reach a
thickness of more than one meter.

Experimental results (Anderson, 1987) indicate that the bombardment process
generates two populations of moving grains: grains that are gjected with large energy



form one component of the population; these grains reach higher elevations and are
directly accelerated by the wind. The high-energy grains hit the surface elsewhere and
generate a cascade process; these grains form the “saltating” population. The second
population consists of grains that are gected with low energy, and stay close to the
sand surface. These crowling grains form what is called the “reptating” population.
Low-energy grains typically jump to a distance of a few hundred times the average
grain size (Andreotti et a. 2002), and continue to roll on the sand surface after
landing. The exchange flux between the reptating and the saltating populations is
thought to be small (Anderson, 1987).

Here we adopt the view of ripple formation that was mathematically formalized by
Anderson (1987, 1990). According to this interpretation, the only role of saltating
grainsisto bring energy into the system, extracting it from the wind that blows above
the sand surface. In this view, ripple formation is entirely due to spatial changes in the
reptation flux. Linear stability analysis of a model built on these premises shows that
the wavelength of the fastest-growing perturbation is determined by the reptation
length and not by the saltation length as previously suggested by Bagnold. The
fastest-growing wavelength turns out to be roughly six times the mean reptation
length.

However, there are two problems with Anderson’s model: The first is that large
wavenumbers remain linearly unstable in his original model. Secondly, Anderson’s
approach is purely linear and thus it isvalid only for small ripples and short times.

We overcome the first problem by introducing a standard correction to the reptation
flux, that makes it dightly smaller on the windward (stoss) slope and dightly larger
on the lee slope. This correction to the reptation flux stabilizes short wavelengths and
shifts the maximum of the reptation flux closer to the ripple crest, stopping excessive
growth of the model ripples (Wilson, 1972). We then consider the full nonlinear
version of the modified Anderson model and numerically solve the integro-
differential equation that describes the dynamics of one-dimensional aeolian ripples.
We also mention a weakly nonlinear expansion of the integro-differential model,
along the lines previously discussed by Balmforth et al. (2001).

The rest of this paper is organized as follows: In section 2 we derive the model, in
section 3 we discuss the results of linear stability analysis and in section 4 we discuss
some numerical results. Finally, in section 5 we give a summary and some
conclusions.

2. Theintegro-differential model

Following Anderson (1987) we build a heuristic model of sand transport based on the
Exner equation,
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where {(x,t) istheloca height of the sand surface at point x and at time t, p ,isthe
density of a sand grain, A is the porosity of the bed (typicaly taken as 0.35), and
Q(x,t) isthe sand flux which includes both the saltation and the reptation fluxes. This

equation shows that erosion (0 /0t < 0) occurs in regions where the sediments flux is
increasing (0Q/dx >0), deposition (¢ /0t >0) occurs where the flux is decreasing



(0Q/0x <0), and there is no change in the surface height where the transport rate is
constant (0Q/dx =0).

Saltating grains are accel erated by the wind to speeds that are close to the wind speed.
These grains follow a ballistic path to the next impact site. If their arced trgjectory is
long compared to the size of the bed undulations, it seems plausible that the angle at
which the grains descend back to the bed is dictated largely by the wind speed and
that the flux of saltating grains is fairly uniform. Hence we assume that, for ripple
dynamics, the flux of saltating grains, Q,, can be taken as constant, and we do not
consider it further in the Exner equation (0Q, /dx = 0) . However, we should keep in
mind that saltating grains are the driving force of the reptation flux, and that for other
aeolian bedforms, such as dunes, this approximation is not valid.

The reptation flux at a given point x and time t , Q,, is obtained by a sum on al the

grains that are passing by that point at that time. This is given by all the grains that
have been gected upwind and are still on their reptation flight. If al the grains had the
same reptation length a, the flux at x would be proportional to the total number of
grains that have been gjected between x —aand x (note that this introduces a basic
non-locality in the dynamics of aeolian ripples). In reality, the grains have a
distribution of reptation lengths, and this should be taken into account in the
expression for the flux. To derive an explicit expression for the reptation flux, we
follow Anderson (1987) and write

Q) =m0, [darp(a) [ N (x) . @

where m,is the mass of each particle, n, is the average number of reptating grains
gjected by the impact of one saltating grain, and p(a) isthe probability distribution of
reptation lengths. The value of n; depends on the impact velocity and on the diameter

of the grains (Forrest & Haff, 1992); in our model we assume n,, to be constant.EIThe

probability distribution p(a) has to be determined experimentally; it is quantified by
the “ splash function” introduced by Ungar and Haff (1987).
Because the saltation flux is uniform, and the fixed angle ¢ at which the grains

descend back to the ground is assumed to be constant, the number density of
impacting grains changes only because of variations in the bed slope. Based on
geometrical considerations, we obtain

N, (%) = % tanG’Ecoe N, 1+é, cote °°“", 3
1+Z

where N isthe number density of impacting grains on aflat surface.

Expression (2) for the reptation flux leads to a situation where linear instability is not
confined to a finite range of wavenumbers (Anderson, 1990). However, there are at

! Andreotti et al. (2002) argue that N p should be smaller for a positive slope along the wind direction
than for a negative slope.



least two physical effects that modify the expression of the reptation flux, and lead to
aregularization of the system.

Following Prigozhin (1999), it can be shown that (assuming for simplicity that the
bed dope is constant) the mean reptation length should be corrected as a =

a,(1—-coty(,), where a,is the mean reptation length on a flat surface and yis the

gection angle of reptating grains (see Figure 1). This correction leads to a mean
reptation length that is shorter on the windward slope and longer on the leeward slope
of the bedform.
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Fig.1: Schematic view of atypical collision. All angles are referred to the horizontal
surface. A saltating grain approaches the inclined bed at angle ¢. A reptating grain is
giected at an angle y . The inclination of the bed is 8 (6 > 0on the windward slope).
The saltating grain ricochets (not shown in the figure) and continues the cascade.

A second effect is that part of the energy of the saltating grain is imparted to
individual surface grains, which vibrate rapidly, and as a result can roll or slide down
the dope (Hardisty & Whitehouse, 1988). Hardisty and Whitehouse termed this
mechanism an “impact-induced gravity flow,” which acts to reduce the flux on the
windward slope and to increase it on the lee face. Their empirical estimate of this
correction gives:

_ tano, 1
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where Qra is the flux on a flat surface, Qgope is the flux that includes the correction
due to the gravity flow, 8, isthe angle of repose (usualy taken to be 33°), and 6 is

the bed inclination (positive on the windward face).
Consideration of these two effects leads to the following expression for the reptation
flux:

Q () =@1-u, )M, )

where the parameter u heuristicaly includes both the Prighozin and the Hardisty &
Whitehouse corrections discussed above. The value of u should be determined
empirically.

Inserting expression (5) into the Exner equation (1) leads to the following equation
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where Q, = mpnpNi?n cotp/(p,(1-A,)) and F(x) =(tanp+{,)/1+ sz . Note that
equation (6) breaks down when the lee slope of the ripples exceeds the impact angle
@ of the saltating grains. In such conditions, theratio N,/ N° becomes unphysically
negative. Thus, we add the restriction F(x) =0 if the bed slope exceeds the impact

angle @ This condition introduces a local shadowing effect and it is limited only to
the lee dope, in contrast to a “complete shadowing” (Sharp, 1963) where the shadow
zone can be extended to the windward slope.

3. Linear stability analysis

We assume an infinitesimal sinusoidal perturbation on an otherwise flat granular bed,
given by

¢ (x,t) = ¢, exp(ik(x —ct)), (7)
where {, is the amplitude of the perturbation. Inserting (7) into (6), using the linear
approximation F(x) =tang@+{, and discarding all nonlinear terms we obtain the
dispersion relation (Anderson, 1987; Baimforth et al., 2001)

Qi =1- p(k) - ikuatang, ©)

where p(k) is the Fourier transform of p(a), and a= Iap(a) da is the mean

reptation length. If we choose for p(a) an exponential distribution
e X a>0
p(a) = % , ©
a<0
where x isaparameter, we find that

c _ k? c _ ky
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where c, isthereal part of ¢, which determines the drift speed of theripples, and ¢, is
the imaginary part that determines the growth rate of the perturbations. Instability

occurs for ¢, = 0. Figure 2 shows the dispersion curves for different values of u, for

- uka tang, (10)

@=10°and for a =1 cm. The slope-dependent correction of the flux stabilizes the
shorter wavelengths. Moreover, it is clear that the destabilizing effects must now
overcome the stabilizing effect, introduced by including the flux correction, in order
to form ripples. Note, aso, that low impact angles favor destabilization of the bed.
Careful experimental work is needed in order to measure the value of ¢ and giveit a



plausible value. For example, for @ =1 cm and ¢ =10°, the maximum wavelength
A = 211K, increasesfrom 4a for 4 =0.1to 8a for u =1.1.

0.6
Ci

Qo o4}

02Hf- -

0

-0.2

-0.4

-0.6
0

Fig. 2. Dispersion curves for the linearized version of model (6) for different values
of pand for the exponential probability distribution (9). Note that for u =0, the

original Anderson model is recovered. Higher values of u result in a narrower range
of unstable wavenumbers. Other parameter values are ¢ =10°and a =1 cm.

4. Numerical results

In this section we show some of the results obtained from numerically solving the
integro-differential model (6) for redlistic parameter values. The saltation flux is

N° =107 impacts m™ s*, which according to Anderson (1990) is the saturated flux

for awind shear velocity of 0.5 m/s and for fine sand with grain diameter of 0.25 mm.
For the probability distribution we choose x =1.651, which gives a =1cm. This

value is close to the typical value of 8 mm reported for example by Andreotti et al.
(2002). We solved eq. (6) numerically, assuming periodic boundary conditions and
using an explicit finite-difference scheme on a spatial domain with sizelL = 1 m, grid
gpacing Ax=1 mm and time step At =0.001 seconds. Figure 3 shows the time
evolution of the ripple pattern that emerges from random initial conditions. The initial
evolution of the dightly perturbed bed surface is dictated by linear theory, and the
wavelength of the fastest linearly growing wave dominates in the early stages of the
evolution. Ripples begin as small amplitude bedforms or mottles on the surface (see
fig. 2 in McEwan et a., 1992). The growing ripples remain almost symmetrical until
the lee-slope angle exceeds the saltation impact angle. The asymmetry continues do
develop as the ripples grow and the downwind slopes become steeper. Further
development of the ripple pattern is due to a coarsening process, which leads to an
increase of the ripple wavelength. Data from field observations (Werner & Gillespie,
1993) and from wind tunnel experiments (Anderson, 1990) are consistent with an
asymptotic power-law increase of the mean ripple wavelength A(t). Weakly nonlinear
heuristic models of the dynamics of sand ripples (Csahdk et al., 2000; Makse, 2000)

predict asimilar behavior, A(t) Ot# with 0.27 < B <0.5. Wefind that the full model

(6) also leads to approximate power-law growth of the average ripple wavelength,
with 8 = 0.35, at intermediate times. At later times, the integro-differential model (6)



is consistent with a saturation of the ripple wavelength to a constant value (even
though we cannot exclude a slow logarithmic growth of the wavelength).
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Fig. 3: Time evolution of the ripple pattern for p =0.9 and uniform impact angle

@=10°. Ripples grow from initial small random perturbations and their mean
wavelength increases because of merging between different ripples. The asymmetry
in the ripple profile starts to develop as the lee-slope angle exceeds the impact angle
of saltating grains and a shadow zone appears. The drift velocity is approximately 1.2
cm/s, in good agreement with field measurements (Sharp, 1963).

5. Discussion and conclusions

In this work we have discussed an integro-differential model for the dynamics of
aeolian sand ripples. The model is based on an extension of the classic approach by
Anderson (1987). The present model relies upon the introduction of a physically-
motivated flux correction, due to which the reptation flux decreases on the windward
slope and increases on the lee slope. This type of correction is similar in shape to
analogous terms introduced in the study of bedforms under water (e.g., Richards,
1980). Numerical solution of the integro-differential equation with realistic parameter
values reveals the formation of ripples that are very close in size and shape to natural
desert ripples. It remains for future experiments to determine the value of the
phenomenological parameter 1, which defines the flux sensitivity to the bed slope.

In a previous work, a long-wave weakly nonlinear approximation of the integro-
differential equation was introduced (Balmforth et al. 2001). In such a purely local
approach, instability of the flat bed emerges due to the presence of a negative
viscosity term, -{x, Which is stabilized at small wavelength by a hyperviscous term, -
{oox- The growth of the ripple amplitude is saturated by the presence of quadratic and
cubic nonlinear terms. A comparison between the results of the full integro-
differential model and its weakly nonlinear expansion will be given in a future work,
aswell as an extension of the model to the case of two-dimensional ripples.



Finally, we note that in the present model we have assumed the satation flux to be
uniform, and the ripple wavelength depends solely on the reptation flux. Large
enough undulations of the bed will break thisideal picture of a uniform saltation flux.
In such cases, the saltation flux can depend on the bed topography, similarly to what
has been discussed here for the reptation flux. Additionally, the feedback between the
variations of the bed topography and the shear stress of the wind cannot be discarded
for large bedforms (Richards, 1980). This may explain the formation of large-scale
ripples, whose dominant wavelength may then depend on the mean saltation length as
suggested by Ellwood et a. (1975).
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